In this paper, a macromolecular non-isothermal model for the incompressible hydrodynamics flow of nematic liquid crystals on T 3 is considered. By a Galerkin approximation, we prove the local existence of a unique strong solution if the initial data u 0 , d 0 and θ 0 satisfy some natural conditions and provided that the viscosity coefficients μ and the heat conductivity κ, h, which are temperature dependent, are properly differentiable and bounded. Moreover, with small initial data, we can extend the local strong solution to be a global one by the argument of contradiction. In this case, the exponential time decay rate is also established.
Introduction
Liquid crystals, which exist in an intermediate state between isotropic liquid and solid, are materials with rheological properties. There are three phases of liquid crystals (nematic, cholesteric and sematic), and in the nematic phase, the long axis of the constituent molecules tend to align parallel to each other along some commonly preferred direction.
The continuum theory for the dynamics of liquid crystal flow was developed by Ericksen [] and Leslie [] in the s, and it contains three physical conservation laws: the conservation of mass, the conservation of momentum and the conservation of angular momentum. In the Ericksen-Leslie system, those three conservation laws govern the motions of the fluid by the density ρ, the velocity of the flow u and the mean orientation field d, respectively. For more details, we refer the reader to De Gennes [] . However, the Ericksen-Leslie system is so complicated that there was no further well-posedness study As was shown by Leslie [] that the mechanical balance equations must be supplemented by an equation to describe the absolute temperature θ , the physical conservation law the conservation of energy should also be included. In [] , the authors proposed a nonisothermal penalized model for the nematic liquid crystals with temperature-dependent viscosity, elasticity and thermal conductivities, In this paper, a non-isothermal, large molecule model proposed by Li and Xin in [] is considered, in which the constraint |d| =  is maintained. Precisely, we study the system
where
We impose the initial conditions
and the periodic boundary conditions
where κ,κ,κ ,κ , h,h,h ,h , μ,μ,μ ,μ are given positive constants. The existence of global weak solutions for (.)-(.) in dimension two has been established in [] . In this paper, we aim to prove the local and global existence of the unique strong solution.
Before going on, we would like to have some more words on this system. When the direction field d is a constant vector field, the system (.) reduces to a non-isentropic incompressible Navier-Stokes system with temperature-dependent viscosity coefficients, to which the global existence of weak solutions was showed in [] . Moreover, Cho and Kim in [] studied a more general non-isentropic incompressible Navier-Stokes system, where the transport coefficients depend on both temperature and mass density. The authors established the local existence and uniqueness of strong solution; see also [] . For the compressible cases, there are many articles on the global existence of unique classical solution with large initial data for one-dimensional problems; see [-] for examples.
The rest of this paper is arranged as follows. In Section , we introduce some notations and give the main theorems. The approximate solutions to this problem will be constructed by means of Galerkin method in Section . After establishing some suitable a priori estimates in Section , we will prove the local existence, global existence, and uniqueness in Section , , , respectively.
Notations and theorems
We introduce some notations.
• W = {u ∈ H  ( ) | ∇ · u = , u satisfies periodic boundary conditions (.)}.
•
• A B denotes A ≤ CB, where C >  is an absolute positive constant.
• For  ×  matrices A = (a ij ) ≤i,j≤ and B = (b ij ) ≤i,j≤ , we denote
Moreover, the usual summation convention is used.
The main results of this paper are the following theorems.
With small initial data, one can extend the local solution in Theorem . to a global one.
Theorem . Assume that the initial data
for sufficiently small δ  > .
Moreover, there exists a constant α > , such that the decay estimate
is valid for some positive constant C.
Galerkin approximation
In this section, we will get an approximate solution for the system (.)-(.) by means of the Galerkin approximation. Denote X = H  ∩ W and its finite-dimensional subspaces
For any given m, and k = , , . . . , m, we study the following approximate system:
By applying the fixed point theorem, we can show that there exist a T  >  depending on u  , d  , θ  , m and such that the system (.) possesses a strong solution (
in which the velocity field is in the form
is continuously differentiable. Since this process is similar to that in [], we omit the details here. Similar to the system in [], the following lemma follows from the maximum principle.
It should be noted that the constant T  depends on m. For a uniformly valid T  >  for every m ∈ N * , we need the estimates in next section.
Uniform a priori estimation
It should be noted that by applying a Helmholtz decomposition, (.)  can be rewritten as
where ∇p m is decided by the property that i , i = , , . . . , m are all divergence-free. Thus, the system (.) is equivalent to
To show the solvability of the original system (.), in this section, we will omit the superscript m for convenience to establish the uniform estimates, which enable us to take m → ∞ in (.). On account of the periodic boundary conditions, it is easy to deduce the equivalence of ∇  f  and f  by integration by parts and the fact, by the divergence theorem, that
which enables us to apply the Poincaré inequality to ∇ l f , that is,
In addition, since |d| = , we have |∇d|
Lemma . (Basic energy inequality) For the solution
Proof Multiplying (.)  by u, integrating by parts over and using (.)  give
) and integrating by parts over imply that
Integrating (.)  over yields
Notice that
Therefore, it follows that
This lemma follows from integrating (.) over (, t).
In the next lemma, we give some high-order estimates.
Lemma . For any t > , it is valid that
where the constant C depends only on the initial data and known constants.
Proof First of all, applying ∇ to (.)  , testing the result by ∇ u and integrating by parts over , we have
Substituting (.)-(.) into (.), using the Sobolev embedding inequalities, interpolation inequalities and Young inequalities yield
Then, applying ∇ to (.)  , testing the result by λ∇ d and integrating by parts over , one sees that
Thus, it follows from (.) that
where the Sobolev embedding inequalities, interpolation inequalities and Young inequalities have been used.
Furthermore, applying ∇ to (.)  , testing it by ∇ θ and integrating on imply that
Substituting (.)-(.) into (.), using the Sobolev embedding inequalities, interpolation inequalities and Young inequalities give
Summing up (.), (.), and (.) with ε >  small enough, one shows (.).
With these lemmas, we can obtain the local uniform estimates for the approximate solutions.
Lemma . There exists a finite time T
* >  such that, for any T ∈ (, T * ), it is valid that
where C depends only on initial data and known constants.
Proof Denote
Then it follows from (.) that
In particular, one obtains
Integrating this inequality on [, t] yields
Consequently, it follows from (.) that
Integrating it on [, t] ⊂ [, T] and using the Poincaré inequality, we deduce (.).
For a more complete description to the approximate solution, we need the lemma below.
Lemma . For any  < T < T * , it is valid that
where T * is defined in Lemma . and C depends only on initial data and known constants.
Proof First, we give some estimates for ∇p.
Since ∇ · u = , it yields by taking the divergence to (.
Then, by elliptic estimates, the Hölder inequality, the Sobolev embedding inequalities, the Young inequality, and (.), one has
Second, we give estimates for ∇u t . Applying ∇ to (.)  , testing the result by ∇u t , integrating by parts on , and using the Cauchy inequality, we have
Third, we give estimates for d t .
Applying to (.)  , it is easy to see that
Fourthly, we give estimates for ∇θ t . Applying ∇ to (.)  , we get
Finally, it is easy to obtain from the above estimates that 
Local existence
It is concluded from the previous section that there exists T * > , such that, for any T ∈ (, T * ), the following estimates are valid:
To prove the convergence of sequences (u m , d m , θ m , p m ), we need the compactness lemma.
Lemma . (Simon []) Assume that X, B and Y are three Banach spaces with X
→ → B → Y . Then the following hold true. (i) If F is a bounded subset of L p (, T; X),  ≤ p < ∞, and ∂F ∂t = { ∂f ∂t | f ∈ F} is bounded in L  (, T; Y ), then F is relatively compact in L p (, T; B). (ii) If F is a bounded subset of L ∞ (, T; X), and ∂F ∂t is bounded in L r (, T; Y ), where r > ,
then F is relatively compact in C([, T]; B)
.
is relatively compact, which means the existence of convergent subsequence, still denoted by
With these convergence arguments in hand, it is easy to conclude that, as m → ∞, each term of system (.) converges to the corresponding term in (.). Here we select two terms to show the convergence, and the others can be done in a similar manner.
Then it is true that
Then, as m → ∞, the uniform estimates and convergence of (u
On one hand, we re-estimate (.), (.), and (.), respectively, as follows:
where we denote
In particular, we have
. If T  < +∞, then it follows from (.) and (.) that
which is a contradiction. Therefore, T  = +∞ and
. On the other hand, multiplying (.)  by θ and integrating by parts over gives
Then it follows from the Sobolev embedding inequality, (.), (.), and the Hölder inequality that
Thus, by virtue of (. 
Consequently, taking α = Cε  and applying the Gronwall inequality to (.) we deduce (.).
Uniqueness
Assume that (u i , d i , θ i , ∇p i ), i = ,  are two strong solutions to system (.)-(.) on × [, T] satisfying (.)-(.) and denotē
where T = T * for the local solutions and T = +∞ for the global ones.
Then (ū,d,θ , ∇p) solves the following initial-boundary value problem:
where, for convenience, we denotē
Following the idea given by [], we indicate that
In what follows, we will show that (ū,θ ,
First of all, multiplying (.)  byū and integrating by parts over give
Similarly, multiplying (.)  byd and integrating by parts over we deduce
Moreover, multiplying (.)  by λ d and integrating by parts over yield 
Conclusion
There is a lot literature focused on the isothermal models for liquid crystals, but still few papers considering the non-isothermal ones. Based on the Galerkin approximation, we first established the existence of the local-in-time strong solutions to system (.)-(.) by a fixed point theorem and energy methods. Furthermore, the uniqueness of the strong solution is also proved by energy methods. Finally, under the assumption of small initial data, we showed the global-in-time existence of the established unique strong solution and obtained the decay rate of the global strong solution. These results for a bounded domain with periodic boundary condition extend the corresponding known results for the isothermal models and is a part of the well-posedness theories for the non-isothermal model. Based on the results in this paper, we shall consider a general bounded domain case and Cauchy problems in the whole space in forthcoming studies. The author believes that the studies of the non-isothermal model might lead us to a more complete understanding of the behavior of the flow of liquid crystals.
